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Extremality of Bi-invariant Metrics on Connected
Semi-simple Lie Groups
Yukai Sun∗ Xianzhe Dai†
Abstract
Gromov asked if the bi-invariant metric on an n dimensional compact Lie group is
extremal compared to any other metrics. In this note, we prove that the bi-invariant
metric on an n dimensional connected semi-simple Lie group G is extremal in the sense
of Gromov when compared to the left invariant metrics.
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1 Introduction
In [2], Gromov asks: are bi-invariant metrics on compact Lie groups extremal (This is already
problematic for SO(5))? Here a metric g on a Riemannian manifold M is extremal in the
sense of Gromov (not to be confused with Calabi’s extremal metrics in Ka¨hler geometry) if
any metric g′ on M with g′ ≥ g must have smaller scalar curvature R(g′) at some point of the
manifold. More precisely, g′ ≥ g and R(g′) ≥ R(g) implies that g′ = g.
The first result of this type is [5] in which Llarul showed that the standard metric on Sn is
extremal. The work gives a positive answer to an earlier question of Gromov, which is motivated
by Gromov-Lawson’s famous work on the non-existence of positive scalar curvature metrics
on the torus [3], later extended to more general class of manifolds, namely the enlargeable
manifolds. In this same spirit, Llarull, in fact, proved a metric on a compact manifold admiting
a (1,Λ2)-contracting map to Sn is extremal. Min-Oo [8] proved that hermitian symmetric
spaces of compact type are extremal. The extremality of complex and quaternionic projective
spaces is established by Kramer [4]. Later, in 2002, S. Goette and U. Semmelmann prove that
compact symmetric spaces of type G/K, rk(G) − rk(K) ≤ 1 are extremal [1]. Then Mario
Listing improves S. Goette and U. Semmelmann’s result in [6], by weakening the extremality
condition.
Note that a Lie group with a bi-invariant metric is a symmetric space, but not of the types
considered above. In this short note, we present a partial positve answer to Gromov’s question.
Namely we show that the bi-invariant metric on an n dimensional connected semi-simple Lie
group G is extremal when compared to the left invariant metrics.
According to [7], if a connected Lie group admits a bi-invariant metric, it is isomorphic to
the product of a compact Lie group with an abelian one. Being semi-simple rules out the abelian
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factor. On the other hand, we have the famous result of Gromov-Lawson [3] and Schoen-Yau
[11, 10] which implies that the only metrics of nonnegative scalar curvatures on the torus are
the flat ones.
2 Preliminaries
We set up our notations in this section.
Definition 1. For a Riemannian manifold (M, g), the Riemannian curvature, Ricci curvature,
sectional curvature, and scalar curvature are, respectively,
Rm(X, Y, Z,W ) = g(∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,W )
sec(X, Y ) =
Rm(X, Y, Y,X)
g(X,X)g(Y, Y )− g(X, Y )2
R = 2
∑
i<j
sec(ei, ej),
where X, Y, Z,W ∈ X (M), {ei}
n
i=1 is a local frame.
Given a Lie group G, for any a ∈ G, there are the left action La : G → G;Lab = a · b,
the right action Ra : G → G;Rab = b · a, and the adjoint action Ad(a) : G → G;Ad(a)b =
a · b ·a−1 = LaRa−1b = Ra−1Lab. If a metric on G is both left invariant and right invariant, then
it is called bi-invariant. There is also the adjoint action ad(X) : g → g, X ∈ g, on g induced
by the adjoint action on G. In fact,
ad(X)Y = [X, Y ], X, Y ∈ g.
Finally, given a basis {Ei} for g, the structure constants C
k
ij is defined by [Ei, Ej ] = C
k
ijEk.
For more information about Lie group see [7]. We recall the following basic
Theorem 1 ([9]Proposition 4.4.2). Consider a Lie group G with a bi-invariant metric 〈, 〉 and
X, Y, Z,W ∈ g. Then
∇YX =
1
2
[X, Y ]
R(X, Y )Z = −
1
4
[[X, Y ], Z]
R(X, Y, Z,W ) =
1
4
〈[X, Y ], [W,Z]〉.
Definition 2. A Lie group G is semi-simple if its Lie algebra g is semi-simple, i.e., its Killing
form
K(X, Y ) = Tr(ad(X)ad(Y )), X, Y ∈ g
is nondegenerate.
Clearly, if g is semi-simple, it has a trivial center.
Now left invariant metrics on G are in one-to-one correspondence with inner products on
its Lie algebra g.
Theorem 2 ([7]Lemma 7.2). In the case of a connected group G, a left invariant metric is
actually bi-invariant if and only if the linear transformation ad(X) is skew-adjoint for every X
in the Lie algebra g of G.
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Finally we recall Gromov’s notion of extremal metrics as applied to Lie groups.
Definition 3. A g on the Lie groups G is extremal (in the sense of Gromov), if any metric g1 on
G satisfying g1 ≥ g and Rg1 ≥ Rg must be g itself, g1 = g. Here Rg1, Rg is the scalar curvature
of g1, g respectively. We say g is extremal when compared to the left invariant metrics if for
any left invariant metric g1, g1 ≥ g and Rg1 ≥ Rg impliy that g1 = g.
3 The Theorem and its Proof
Our main result is
Theorem 3. Let G be an n dimensional connected Lie group with Lie algebra g. Assume that
for any basis {Ei} of g with structure constant C
k
ij, for any i = 1, · · · , n, there exists j, k such
that Ckij 6= 0. Then any bi-invariant metric 〈X, Y 〉0 on G is extremal when compared to the
left invariant metrics.
Before we proceed with the proof of the theorem, we discuss the assumption here. Indeed the
assumption being on the structure constants is neither easy to verify nor intrinsic. Fortunately
there is a much easier criterion.
Lemma 4. If G is an n dimensional connected Lie group with Lie algebra g for which the
assumption of the theorem is violated, then g has nontrivial center.
Proof. Indeed, if the assumption of the theorem is violated, then there is a basis {Ei} of g
with structure constant Ckij and some i such that C
k
ij = 0 for any j, k. It follws then that
[Ei, Ej] = C
k
ijEk = 0 for any j = 1, · · · , n. Thus Ei is in the center of g.
Since the Lie algebra of a semi-simple Lie group has trivial center, we have
Corollary 5. If G is a connected Lie group whose Lie algebra g has trivial center, then any
bi-invariant metric is extremal when compared to the left invariant metrics. In particular, this
holds for any connected semi-simple Lie group.
Proof of theorem 3. Let g(X, Y ) = 〈X, Y 〉0 be a biinvariant metric and g1(X, Y ) = 〈X, Y 〉 a
left invariant metric, both identified with inner products on the Lie algebra g. Then
〈X, Y 〉 = 〈S(X), Y 〉0
for X, Y ∈ g and S a self-adjoint operator on (g, 〈X, Y 〉0), Cf. the proof the lemma 7.6 in [7].
Since S is a self-adjoint operator on g, we can find a basis {Ei}
n
i=1 which is an orthonormal
basis with respect to the metric 〈X, Y 〉0 and diagonalizes S, i.e, with respect to this basis,
S =


λ1 · · · 0 · · · 0
...
. . .
...
. . .
...
0 · · · λi · · · 0
...
. . .
...
. . .
...
0 · · · 0 · · · λn


.
where the eigenvalues λi > 0.
Let [Ei, Ej] =
∑n
k=1C
k
ijEk, C
k
ij = −C
k
ji. Since {Ei}
n
i=1 is orthonormal basis for metric
〈X, Y 〉0, and the metric 〈X, Y 〉0 is bi-invariant, we have C
k
ij = −C
j
ik by theorem 2. Then
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Cjij = C
j
ji = 0 and C
k
ij = C
i
jk = C
j
ki for i, j, k = 1, · · · , n. First, using theorem 1, the sectional
curvature sec0(Ei, Ej) with respect to the metric 〈X, Y 〉0 is
sec0(Ei, Ej) =
1
4
〈[Ei, Ej ], [Ei, Ej]〉0 =
1
4
n∑
k=1
(Ckij)
2
So the scalar curvature R0 about the metric 〈X, Y 〉0 is
R0 =
n∑
k=1
∑
i 6=j
(
1
4
(Ckij)
2)
=
1
3
[ n∑
k=1
∑
i 6=j
(
1
4
(Ckij)
2) +
n∑
i=1
∑
j 6=k
(
1
4
(C ijk)
2) +
n∑
j=1
∑
k 6=i
(
1
4
(Cjki)
2)
]
=
1
3
[ ∑
i 6=j,i 6=k,j 6=k
(
1
4
(Ckij)
2 +
1
4
(C ijk)
2 +
1
4
(Cjki)
2) +
∑
i 6=j
1
4
((C iij)
2 + (Cjij)
2)
+
∑
j 6=k
1
4
((Cjjk)
2 + (Ckjk)
2) +
∑
k 6=i
1
4
((Ckki)
2 + (C iki)
2)
]
=
1
3
∑
i 6=j,i 6=k,j 6=k
[
1
4
(Ckij)
2 +
1
4
(C ijk)
2 +
1
4
(Cjki)
2
]
Next we compute the curvature of the metric 〈X, Y 〉. Using the Koszuls formula
2〈∇XY, Z〉 = X〈Y, Z〉 − Y 〈Z,X〉+ Z〈X, Y 〉+ 〈[X, Y ], Z〉 − 〈[Y, Z], X〉+ 〈[Z,X ], Y 〉
and the left-invariance of the metric one deduce
2〈∇XY, Z〉 = 〈[X, Y ], Z〉 − 〈[Y, Z], X〉+ 〈[Z,X ], Y 〉.
Then
∇EiEj =
n∑
k=1
Ckijλk − C
i
jkλi + C
j
kiλj
2λk
Ek.
The sectional curvature about Ei, Ej with respect to the metric 〈X, Y 〉 is then given by
sec(Ei, Ej)
=
〈∇Ei∇EjEj −∇Ej∇EiEj −∇[Ei,Ej ]Ej , Ei〉
〈Ei, Ei〉〈Ej , Ej〉
=
n∑
k=1
4CjkjC
i
ikλjλi
4λkλiλj
−
n∑
k=1
Ckij(C
i
kjλi − C
k
jiλk + C
j
ikλj)
2λiλj
−
n∑
k=1
(Ckijλk − C
i
jkλi + C
j
kiλj)(C
i
jkλi − C
j
kiλj + C
k
ijλk)
4λkλiλj
=
n∑
k=1
[
−3(Ckij)
2λ2k + (C
i
jk)
2λ2i + (C
j
ki)
2λ2j
4λkλiλj
+
−2C ijkC
j
kiλiλj − 2C
k
ijC
i
kjλiλk − 2C
k
ijC
j
ikλjλk
4λkλiλj
]
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Thus the scalar curvature R for the metric 〈X, Y 〉 is
R =
n∑
k=1
∑
i 6=j
[
−3(Ckij)
2λ2k + (C
i
jk)
2λ2i + (C
j
ki)
2λ2j
4λkλiλj
+
−2C ijkC
j
kiλiλj − 2C
k
ijC
i
kjλiλk − 2C
k
ijC
j
ikλjλk
4λkλiλj
]
=
1
3
[ n∑
k=1
∑
i 6=j
(
−3(Ckij)
2λ2k + (C
i
jk)
2λ2i + (C
j
ki)
2λ2j
4λkλiλj
+
−2C ijkC
j
kiλiλj − 2C
k
ijC
i
kjλiλk − 2C
k
ijC
j
ikλjλk
4λkλiλj
)
+
n∑
i=1
∑
j 6=k
(
−3(C ijk)
2λ2i + (C
j
ki)
2λ2j + (C
k
ij)
2λ2k
4λkλiλj
+
−2CjkiC
k
ijλjλk − 2C
i
jkC
j
ikλiλj − 2C
i
jkC
k
jiλiλk
4λkλiλj
)
+
n∑
j=1
∑
k 6=i
(
−3(Cjki)
2λ2j + (C
k
ij)
2λ2k + (C
i
jk)
2λ2i
4λkλiλj
+
−2CkijC
i
jkλkλi − 2C
j
kiC
k
jiλjλk − 2C
j
kiC
i
kjλjλi
4λkλiλj
)]
which reduces to
=
1
3
[ ∑
i 6=j,i 6=k,j 6=k
(
−(Ckij)
2λ2k − (C
i
jk)
2λ2i − (C
j
ki)
2λ2j
4λkλiλj
+
−2CkijC
j
ikλjλk − 2C
i
jkC
k
jiλiλk − 2C
j
kiC
i
kjλjλi
4λkλiλj
)]
Now the extremal conditions 〈X, Y 〉 ≥ 〈X, Y 〉0 and R ≥ R0 yield λi ≥ 1(i = 1, · · · , n) as
well as R− R0 ≥ 0. Then
0 ≤ R−R0
=
1
3
∑
i 6=j,i 6=k,j 6=k
[(
−(Ckij)
2λ2k − (C
i
jk)
2λ2i − (C
j
ki)
2λ2j
4λkλiλj
+
−2CkijC
j
ikλjλk − 2C
i
jkC
k
jiλiλk − 2C
j
kiC
i
kjλjλi
4λkλiλj
)
−
(
1
4
(Ckij)
2 +
1
4
(C ijk)
2 +
1
4
(Cjki)
2
)]
For distinct i, j, k we consider the order of λi, λj , λk. Without loss of generality we can
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assume that λk ≥ λj ≥ λi ≥ 1. Then the summand in the sum above can be re-organized as
−(C ijk)
2λ2i − 2C
j
kiC
i
kjλjλi − (C
j
ki)
2λ2j
4λkλiλj
+
−(Ckij)
2λ2k − 2C
k
ijC
j
ikλjλk − (C
j
ki)
2λiλjλk
4λkλiλj
+
−(C ijk)
2λiλjλk − 2C
i
jkC
k
jiλiλk − (C
k
ij)
2λiλjλk
4λkλiλj
=
−(C ijkλi − C
j
kiλj)
2
4λkλiλj
+
−(C ijk)
2[(λk − λj)
2 + λjλk(λi − 1) + λj(λk − λj)]
4λkλiλj
+
−(Ckij)
2[2λiλk(λj − 1)]
4λkλiλj
≤ 0
with equality iff either Ckij = 0 or λk = λj = λi = 1. But then all the inequalities become
equalities. By our assumption, for any i = 1, · · · , n, there is j, k such that Ckij 6= 0. Hence it
follows that λi = 1 (as well as λj = λk = 1). Hence S is the idenity matrix, and 〈X, Y 〉 =
〈X, Y 〉0. The result follows.
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